Cooperative scattering has been the subject of intense research in the last years. In this article, we discuss the concept of cooperative scattering from a broad perspective. We briefly review the various collective effects that occur when light interacts with an ensemble of atoms. We show that some effects that have been recently discussed in the context of 'single-photon superradiance', or cooperative scattering in the linear-optics regime, can also be explained by 'standard optics', i.e., using macroscopic quantities such as the susceptibility or the diffusion coefficient. We explain why some collective effects depend on the atomic density, and others on the optical depth. In particular, we show that, for a large and dilute atomic sample driven by a far-detuned laser, the decay of the fluorescence, which exhibits superradiant and subradiant dynamics, depends only on the onresonance optical depth. We also discuss the link between concepts that are independently studied in the quantum-optics community and in the mesoscopic-physics community. We show that the coupled-dipole model predicts a departure from Ohm's law for the diffuse light, that incoherent multiple scattering can induce a saturation of fluorescence and we also show the similarity between the weak-localization correction to the diffusion coefficient and the inaccuracy of Lorentz local field correction to the susceptibility.
I. INTRODUCTION
'Cooperative scattering' of light by a collection of twolevel atoms has become a hot topic in the recent years, with a lot of experimental results on superradiance [1] [2] [3] [4] , subradiance [5] and 'cooperative' shifts [4, [6] [7] [8] [9] [10] in the 'single-photon superradiance' regime [11] [12] [13] , or equivalently in the linear-optics regime. By contrast, the experiments performed in the 1970s-1980s were performed in a regime where a large number of atoms are excited [14, 15] . Related experiments with multi-level atoms [16] or artificial atoms [17] illustrate that the phenomena studied in two-level systems can find their application in other fields of research. Despite this recent interest, it seems that a common agreement on what should be called cooperativity is still lacking. It has recently been suggested that 'cooperativity' should be reserved to effects that could not be explained by 'the mean-field approach of traditional optics' [18] , and that such effects would appear for dense atomic samples only [19] . Here, 'dense' means that the atomic density ρ should not be very small compared to k 3 , where λ = 2π k is the wavelength of the atomic transition. However, our recent results on sub-and superradiance [20] show that these effects are controlled by the resonant optical depth of the sample and not by its density [3, 5] . If one agrees that Dicke sub-and superradiance in extended samples [21, 22] deserve being called 'cooperative' effects, the restriction to high spatial densities should clearly be dropped.
Although everyone certainly agrees on the physics, terminology confusion does not help in understanding this * william.guerin@inln.cnrs.fr topic. It can also be a real barrier when trying to communicate with experts from other, neighboring, fields. With this problematic in mind, in this article, we would like, first, to discuss the concept of 'cooperative scattering', and, second, to point out the possible link between the so-called 'mean-field approach of standard optics' used in [18] and what is called the 'independent scattering' approximation in mesoscopy [23] [24] [25] .
Unfortunately, terminology confusion has always been present in this field. For instance, Bonifacio and Lugiato proposed the term 'superfluorescence' instead of superradiance when there is no initial macroscopic dipole in the atomic system but only uncorrelated excited atoms [26] . As soon as propagation effects are involved, superfluorescence can also be seen as the transient regime of 'amplified spontaneous emission' [14] , a well-known, and somewhat trivial phenomenon in laser physics, although a difference does exist and has been studied in Ref. [27] . Dicke himself spoke of a mirrorless 'coherence brightened laser' [28] . Another example is the analogy or confusion between subradiance [5, 29] and 'radiation trapping' [30] [31] [32] . The difference and early confusion between the two phenomena was pointed out by Cummings [33] .
Although we do not pretend to be able to solve all controversies, we feel that it may be instructive to tackle these questions from a broader perspective, which could be, in general, the study of all collective effects in light-atom interactions, or the transition from microscopic properties of light scattering by atoms to macroscopic, optical and transport properties of extended and/or dense atomic vapors. This subject is even older than Dicke's paper, as it was investigated by Rayleigh, Lorentz, Lorenz, Ewald, Oseen, and many others [34] .
We will focus on experiments in which near-resonant light from a laser is exciting a sample of N two-level atoms at rest. The experimental observables that can be measured include extensive quantities that increase with the atom number, such as the total amount of scattered light, or some intensive quantity that could a priori be independent of the atom number. If an extensive quantity is not simply given by the atom number times the same quantity for a single-atom, or if an intensive quantity does depend on the atom number, nontrivial collective effects probably are at work. A first example of an extensive quantity is the total amount of scattered light, which, in some limit, is proportional to the atom number. Another example of an extensive quantity is the dephasing accumulated by the wave crossing the sample, which is also increasing with the atom number, and the notion of refractive index, which is a macroscopic (collective) quantity provides an efficient description. Collective effects thus take place in most situations, with some effects depending on the atomic density ρ, and others on the size L of the medium, as detailed in the following. Note that as soon as propagation effects or quantities associated to transient phenomena become relevant, the size of the sample will play an important role, and the important parameter turns out to be the optical depth. On the other side, for quantities that can be defined in steady state for a bulk medium, the density is the relevant parameter.
II. COLLECTIVE EFFECTS THAT DEPEND ON THE DENSITY
Obviously, all effects or quantities that can be defined for an infinite medium depend on the atomic density ρ, which is the only parameter characterizing the medium.
A. At low atomic density
The most simple example is the medium susceptibility χ. At low density, it is related to the atomic polarizability α by χ = ρα. For simple two-level atoms and in the linearoptics regime (low intensity), the polarizability is
The complex refractive index n is defined from the susceptibility by n 2 = 1 + χ. At low density, χ ≪ 1 and n ≃ 1+χ 2. Inside the medium, the wavevector is changed from k to nk. The real part of the refractive index is thus responsible for the dispersive properties of the material and its imaginary part for the attenuation of the wave.
One can thus define a characteristic extinction length (or linear extinction coefficient) for the intensity of the light propagating in the incident optical mode,
where
The susceptibility is not sufficient to describe the behavior of the light inside the medium. In particular, it does not make a difference if the attenuation is due to absorption, when the electromagnetic energy is transferred to the medium, or to scattering, when the energy is just removed from the incident electromagnetic mode to feed other spatial modes. Scattering is often seen as being due to impurity, or granularity of matter, and as such, it is neglected in the susceptibility, which corresponds to a continuous-medium approximation. It is often stated, in particular in the recent literature about cooperative scattering (see, e.g., Refs. [35] [36] [37] ), that the continuousmedium approximation is only valid when the density is high, ρk −3 ≳ 1. However, the continuous-medium approximation does actually neglect the scattered light and treats it as if it were absorbed. This can indeed be a very good approximation when one is interested in the coherent transmission and not in the scattered light. It is important to note that this approximation is not restricted to high spatial densities (as in condensed matter or very high density vapors) but also holds in the dilute limit where the interatomic distances are larger than the optical wavelength. The refractive index is thus very useful for describing light propagation in dilute atomic clouds. It has been successfully used to describe subtle experiments involving nonlinear effects [38] or photonic band gaps [39, 40] . As discussed below, it turns out that the continuous-medium approximation for atomic vapors is in fact more accurate for dilute than for dense vapors [18, 41] .
In order to describe the scattered light, another approach is necessary, in which one basic quantity is the mean-free path ℓ sc = 1 (ρσ sc ). If we only consider elastic scattering, which is valid if the incoming light has a weak intensity [42] , the (elastic) scattering cross-section is related to the polarizability by [23] 
In a large medium of size much larger than the mean-free path, light will be scattered many times before escaping. In this case, many observables can be very well described by a diffusion equation for the electromagnetic energy density, at the condition to perform an average over the disorder configurations. This fact is often surprising for quantum opticians, who expect that light scattered off a disordered medium produces a speckle pattern. However, it is well known to people from mesoscopic physics that after averaging over the disorder, the remaining intensity distribution, or its temporal dynamics in a pulsed experiment, fits perfectly well the prediction of the diffusion equation, although this approach neglects all interference effects [43] [44] . At low density, there is one well-known exception, which corresponds to an enhanced backscattering [45] [46] [47] . The diffusion coefficient is thus another, important macroscopic quantity, which is governed by the atomic density, and which allows describing the dif-fuse light. In three-dimensional space it reads [48] 
where v E = ℓ sc τ tr is the energy transport velocity inside the medium and τ tr the transport time [23, 24] . Here, we considered only isotropic scattering such that the transport length equals the mean-free path. For near-resonant light, a remarkable property of cold atomic vapor is that τ tr = τ at , the lifetime of the excited state, independently of the detuning [23, 32] . In a nonabsorbing passive medium like an atomic vapor probed by a weak intensity laser, the attenuation of the coherent propagating wave is only due to elastic scattering. The mean-free path and the extinction length are thus equal, which leads to the relation
closely related to the so-called optical theorem [23, 49] . There is thus a close link between the diffusion coefficient, or the mean-free path, governing the transport of the diffuse light, and the susceptibility, governing the transmission of the coherent light.
B. At high atomic density
When the typical distance between atoms becomes on the order of the wavelength, i.e., at large density ρk
several nontrivial effects must be taken into account to describe the coherent propagation and the transport of the diffuse light.
First, the relation between the susceptibility and the polarizability has to be modified to include the Lorentz local field [34] ,
This leads to the famous Lorentz-Lorenz shift [50] ,
which depends on the density. Here
at is the linewidth of the transition. Although the derivation of Eq. (6) is based on mean-field arguments and uncontrolled approximations, it yields correct results in many situations [51] . With hot atomic vapors, a densitydependant shift of the resonance line has indeed been observed [7, 52] . With cold atoms, however, recent results suggest that correlations between scatterers at high density are not negligible and the mean-field approximation breaks down [18, 41] . The difference with the hot vapor case is probably due to the absence of inhomogeneous broadening, which may suppress the correlations for hot atoms [10, 53] . This argument is also consistent with the recent experiment reported in Ref. [2] .
Closely related to the Lorentz-Lorenz shift is the 'cooperative' Lamb shift [4, 6, 7, 9, 10, 13, 50, 53] . It is also a density effect but it is influenced by the finite size and the geometry of the medium. We will discuss this effect in more detail in Section V.
On the mesoscopic side, the diffusion coefficient should also be corrected at high density, this is the so-called "weak localization" (WL) correction [25] ,
Note that short-path diagrams not captured by the diffusion approximation are expected to yield supplementary 1 kℓ sc corrections to the transport [54, 55] . Weak localization corresponds to a slowing down of diffusion due to the constructive interference between reversed-paths of closed loops, which increases the probability of returning to the original point. The parameter 1 (kℓ sc ) quantifies the amount of 'disorder'. On resonance, since
. Weak localization is thought to be a precursor of Anderson (or strong) localization [56, 57] , in particular in the self-consistent theory of localization [58] . Anderson localization is expected when kℓ sc ∼ 1 (Ioffe-Regel criterion [59] ) and corresponds to the complete absence of diffusion. Although weak localization has been observed for light in different systems, including cold atoms using the coherent back-scattering effect [60] [61] [62] [63] , Anderson localization of light in 3D has still not been observed in any experiment [64, 65] , and cold atoms may provide a route towards this goal [66] .
Beyond transport properties, other subtle effects appear in the correlations and fluctuations of scattered light, such as universal conductance fluctuations [24, 25] . These correlations come from common scatterers involved in different paths. If the so-called C 1 correlation is short-range and corresponds to the standard speckle grain of traditional statistical optics [67] , the long-range C 2 and C 3 correlations are highly nontrivial effects, which become nonnegligible when the Thouless conductance g is small, i.e., near the strong localization regime. These effects have not been studied yet using multiple scattering of light in cold atoms.
III. COLLECTIVE EFFECTS THAT DEPEND ON THE OPTICAL DEPTH
As soon as propagation effects are important, the macroscopic local quantities (susceptibility, diffusion coefficient) are not sufficient to describe experimental observables, but should be combined with the size of the medium. The relevant quantity then turns out to be the optical depth.
A. Coherent and diffuse transmission
The complex susceptibility of an atomic medium is measured by the attenuation or the dephasing of a probe wave crossing the sample. It is then obvious that the finite size L of the medium enters the problem. The phase shift induced by the sample will be
and the transmitted intensity will be T =
The above relation is called the Beer's or Beer-Lambert law. The argument of the exponential is called the optical depth (or thickness) b, i.e.,
Although this seems completely trivial, it is interesting to note that a consequence of this exponential attenuation is the nonlinear evolution of the total fluorescence (or 'offaxis scattering') with the atom number. The total fluorescence F corresponds indeed to what is not transmitted in the incident mode. We thus get F ∝ 1 − e −b , which is linear only for low b and saturates for high b. This saturation can be intuitively understood as a 'shadow effect': atoms at the back of the sample do not radiate because they are not illuminated by the incoming laser. For the same reason, if we sweep the detuning of the probe beam and measure the fluorescence spectrum, it will be a Lorentzian of width Γ at low optical thickness only, and deviate from a Lorentzian line shape at larger optical thickness, even though the scattering cross-section for single-atoms
) is still Lorentzian.
More precisely, it induces an effective broadening and a strong directional dependence of the fluorescence, as shown experimentally in [68] . As a consequence, such behaviors are not unique to cooperative effects, even if they are also consistent with a full coupled-dipole model including those effects [69, 70] . The shadow effect can also explain the reduction of the radiation pressure force reported in [71, 72] , first interpreted as a signature of cooperativity [71] . The different collective effects contributing to a modification of the radiation pressure force will be discussed in detail in a forthcoming publication [73] .
To illustrate the broadening and saturation effects induced by Beer's law, we show in Fig. 1(a) the behavior of the fluorescence of an atomic cloud as a function of the detuning and the optical depth. Considering a Gaussian atomic density distribution profile, the total scattering cross-section of the cloud according to Beer-Lambert law, reads [72, 73] 
where Ein is the integer function [74] Ein
Here, b = √ 2πρ 0 σ sc R z is the optical depth that would be measured using a small beam crossing the cloud through its center, ρ 0 is the peak density and R z the rms radius along the propagation axis. Although Beer's law neglects diffraction and refraction effects inside the sample, which are a priori not negligible at high b and small nonzero detuning or for very small sample, it appears that such a simplified model is sufficient to qualitatively explain the results of [69] .
The angular dependence is, however, not possible to compute analytically, and numerical simulations based on a random walk process can be used. For an isotropic cloud illuminated by a plane wave, the anisotropy of the emission diagram results from the multiple scattering of light before escaping the sample [73] . We illustrate this anisotropy in Fig. 1(b) . It should be noted that it can lead to nonintuitive behaviors. For instance, if light is detected near the forward direction, the measured fluorescence can decrease as the atom number increases or as the detuning is reduced ('self-absorption') [68] . Although a simple random walk model completely neglects all wave or coherence effects, it has been shown in Ref. [72] that, for a large and dilute cloud of two-level systems, the corresponding emission diagram agrees very well with the emission diagram computed from a full coupled-dipole model after averaging over the disorder configurations, except in narrow angular ranges around the forward and backward directions. The forward lobe [2, 11, 20, 22] , absent in an incoherent random walk model, can be explained by diffraction/refraction of light by a continuous index distribution [75] . Around backward direction, a narrow cone is visible, which can be explained neither by a random walk model nor by a homogeneous index of refraction. This is a signature of interference in a disordered systems, robust against configuration average and well studied in mesoscopic physics (coherent backscattering) [45] [46] [47] [60] [61] [62] [63] . For a Gaussian cloud geometry, analytical expressions for the lobe and cone shapes have been obtained in the double scattering limit [76] .
Multiple scattering obviously depends on the optical thickness. Although the diffusion coefficient depends on the density, light should first escape the sample before being detected. In steady state, the main consequence of multiple scattering is the complex emission diagram discussed above. Note that for a slab geometry (homogeneous medium of infinite transverse size and finite width L), space can be divided into two parts and we can speak of diffuse transmission and diffuse reflection. A wellknown result is the asymptotic decrease of the diffuse transmission scaling as 1 L, which corresponds to Ohm's law for photons [ Fig. 2] ,
where ξ ≃ 0.7104 [24, 77] . This result can be obtained from the diffusion equation or random walk simulations [ Fig. 2(a) ], i.e., a model of light propagation that ignores coherence and interference effects. We have also per- formed numerical simulations of the diffuse transmission through a slab of atoms, using the coupled-dipole model, in the scalar approximation, where only the far-field term (∝ 1 r) of the dipole-dipole interaction is present. We clearly observe a departure from Ohm's law at large density [ Fig. 2(b) ]. The precise origin of the deviation is still under investigation and might be due to cooperativity. Note that the observed deviation corresponds to a relative increase compared to Ohm's law for photons and is thus not consistent with a decrease of the diffusion coefficient due to weak localization. However, it resembles recent observations made with classical scatterers [78] , in which the increased transport is attributed to near-field scattering, where evanescent waves open new channels of transmission. In our model though, the near-field terms are neglected, and the physical origin of the increased transmission remains to be explained. Recent numerical studies on the distribution of excitation inside atomic samples of different geometries [70] may also be related to our observation. The temporal dynamics of the diffuse light is also governed by the optical thickness. After some time of illumination, a sudden switch-off of the exciting laser leads to a slow decrease of the fluorescence due to multiple scattering. This 'imprisonment of radiation' [30] , or 'radiation trapping' [31] , has been studied in cold atoms [32, 79] , taking also into account subtle effects like the frequency redistribution induced by the Doppler shift [80, 81] or the multilevel structure [82] . Neglecting those effects, one can easily find the scaling of the radiation trapping time with the optical depth. For a Gaussian random walk in 3D, we have ⟨r 2 ⟩ = 6Dt. The average number of scattering events for escaping photons is the ratio between the time spent in the system and the scattering time τ at ,
with D = ℓ 2 sc (3τ at ). When ⟨r 2 ⟩ ∼ R = bℓ sc 2, the radiation can escape the system, leading to ⟨N sc ⟩ ∼ b 2 8. Radiation trapping times are thus expected to scale as b 2 , with a precise numerical prefactor that depends on the geometry [32] .
B. Superradiance and subradiance in extended and dilute samples
The previous effects all depend on the detuningdependent optical depth,
where b 0 is the on-resonance optical depth. For a cloud of size R, and using σ 0 ∼ 1 k 2 , we have b 0 ∼ N (kR) 2 , with a numerical prefactor that depends on the geometry.
We now discuss why the super-and subradiant decay rates, measured at large detuning such that attenuation or incoherent multiple scattering are negligible, depend on b 0 , independently of the detuning, in the case of an extended R ≫ λ and dilute (ρk The physical argument to understand why the cooperativity parameter for super and subradiant decay is b 0 , is the following. Consider a sample of finite size ∼ R radiating in free space. Although the number of modes in free space is infinite, the boundary condition due to the sample surface (∝ R 2 ) sets limitations on the modes that are efficiently coupled to the sample. In particular, the diffraction limit ensures that no mode with a divergence smaller than θ ∼ 1 (kR) can be emitted from the sample and, in 3D, the total number of modes M efficiently coupled to the sample is related to the sample surface, M ∼ (kR) 2 . It means that if we choose an arbitrary, infinite basis to express the modes in free space, a number M of those modes are enough to describe the radiation pattern of the sample. Then, if the number N of atoms in the sample is larger than the number M of modes, the emission will be cooperative because, in average, N M atoms emit in the same modes: they are thus coupled to each other via their common coupling to the electromagnetic mode (Fano coupling). We conclude that the 'cooperativity parameter' in this problem is the ratio N M , which turns out to be the on-resonance optical depth b 0 , up to a numerical prefactor. This argument is consistent with the Dicke limit R ≪ λ, for which the only possible outgoing mode is a spherical wave, i.e., M = 1, and the superradiant enhancement factor is N . This reasoning was given in brief in [5, 83, 84] and is consistent with the classification of superradiance given in [85] .
Let us note that super-and subradiance for N = 2 has a marked difference with the case of N ≫ 2. First, in order to obtain large dipole-dipole coupling of two atoms in free space, these atoms need to be at a distance comparable to the optical wavelength. When an atomic pair is separated by many wavelengths, interferences between light emitted by these atoms can still occur [86] . However a modification of the atomic lifetime requires the interatomic distance to be smaller than or comparable to the wavelength [87, 88] . For small atomic distances, near-field dipole-dipole coupling, scaling as 1 r 3 , becomes dominant, while super-and subradiance obtained for many atoms in the dilute limit is relying on the far-field dipole coupling, scaling as 1 r. This long-range behaviour of the far-field dipole-dipole coupling is essential for the collective scaling of the Dicke subradiance observed in [5] . Let us also note that the competition between the near and far-field dipole-dipole coupling has been discussed in [89, 90] and has been called 'van der Waals dephasing' in [15] . It is interesting to note that while for N = 2, the eigenstates of the near-field part of the interaction Hamiltonian H NF are also eigenstates of the far-field interaction H FF (both being proportional to the same σ 1 Pauli matrix), for N > 2, H NF and H FF are not proportional if the distances between all atoms are not equivalent (which can be obtained in the particular case of 3 atoms equally spaced on a ring or four atoms equally spaced on a sphere). In this case H NF and H FF do not commute and have different eigenvectors (see Sec. 4 of [15] ). This particular situation does not prevent the total Hamiltonian to have eigenvalues corresponding to long-lived (subradiant) and short-lived (superradiant) modes. However the symmetries of the eigenstates (and potentially their sensitivity to perturbations) will differ from those of H FF .
As explained from the beginning, it is not surprising that the size of the sample is an important parameter to take into account, since the superradiant and subradiant decays are transient phenomena, which means that light must escape the sample. However, from a mathematical point of view, when looking at the coupled-dipole model [91] [92] [93] [94] [95] , it is not obvious which combination of the parameters yields to correct scaling laws for the different features that can be observed. In this model, once the geometry of the cloud is fixed (and spherical), there are three independent parameters: the atom number N , the size R and the detuning of the driving laser. In the limit of a very large detuning, after a long enough illumination, the system reaches a steady state given by the 'timedDicke state' [11, 93, 95] . Once the laser is switched off, the decay of this state could be governed by any combination of N and R. In particular, it might be considered more intuitive that the density ρ ∼ N R 3 is the important parameter, in particular because the dipole-dipole coupling terms, which decay as 1 (kr) with the interparticle distance r, become very small as the density de- P/P(0) P/P(0) P/P(0) P/P(0) t/τat t/τat t/τat t/τat N=2000 N=4000 N=6000 N=8000 N=2000 N=4000 N=6000 N=8000 N=2000 N=4000 N=6000 N=8000 kR=20 kR=30 kR=45 kR=75
Decay of the total scattered power after the switch-off of the driving laser at t = 0 computed from the coupled-dipole model in the scalar approximation, as in [5] , averaged over only two configurations. The time axis is normalized to the lifetime of the excited state τat and the vertical axis to the steady-state scattered power. The driving laser has a large detuning, ∆ = 50Γ, and has been applied for a duration of 30τat so that the system reaches its steady state. In panel (a), the atom number N = 4000 is kept constant and the size is varied, b0 = 3N (kR) 2 is varied from 30 to 2.3. In panel (b), both N and R are varied such that N kR is kept constant, b0 is varied from 15 to 3.75. In panel (c), N and R are varied such that b0 = 15, and in panel (d) N and R are varied such that the density is kept constant, n0k −3 = 0.01, and b0 is varied from 11 to 17.5.
atom is coupled to N −1 other atoms, and N can be huge, which, somehow, balances the low density and makes b 0 ∼ N (kR) 2 to be the scaling parameter. Note that the 1 r term in the dipole-dipole interaction bears all the relevant ingredient for 'long-range' interaction, which, as in gravitational or Coulomb interactions, yields to wellknown size-dependent effects [96] . This parameter also appears in the statistical properties of the eigenvalues of non-Hermitian Euclidean random matrices such as the one involved in the couple-dipole model [97, 98] and the early (superradiant) decay of the timed-Dicke state [11] , or 'phased state', has been computed analytically by many authors, Γ sup ∝ b 0 [21, 22, 35-37, 93, 99, 100] . Numerical and experimental evidence have been given in [5, 84] that the long time decay is also governed by b 0 , Γ sub ∝ 1 b 0 . Here, we show in Fig. 3 that not only the short and long time limits are both depending on b 0 , but the full decay curve is in fact only dependent on b 0 . An analytical function for describing this decay curve remains to be found. We have checked that this is neither a power law, nor a stretched exponential.
IV. THE MEAN-FIELD APPROACH OF TRADITIONAL OPTICS AND THE INDEPENDENT SCATTERING APPROXIMATION OF MESOSCOPY
It was pointed out in recent theoretical [18] and experimental studies [41] that Eq. (6), which includes Lorentz local field correction, is inaccurate for cold atoms at high density. Indeed, another term, usually not considered, has the same order of magnitude. Following [41] , the more precise expression is given by
where β(ω) ∼ α(ω)k 3 and specifically depends on the geometry. This term is neglected in the mean-field approach leading to Eq. (6) even though on resonance, α(ω) ∼ k −3 , and thus β(ω) has the same order of magnitude than the 1 3 corresponding to the densitydependent Lorentz local-field correction. To our knowledge, this result has been first obtained by Saunders and Bullough [101, 102] (see Eq. (22) of [102] ) and has been later rediscovered several times [91, 103] . One hypothe-sis for the success of Eq. (6) could be that the mean-field result is recovered if some mechanism breaks the correlation between scatterers, as it could be the case, e.g., for hot vapors with the Doppler broadening [10, 53] .
At this point, it is interesting to point out the close link between Eq. (16) and the weak localization correction of the diffusion coefficient (Eq. 8). First, we note that Eq. (16) can be rewritten
which isolates a correcting factor ρα(ω)β(ω) in the usual Lorentz-Lorenz formula (6) . Then, if β(ω) ∼ α(ω)k 3 , this correcting factor is ∼ ρk 3 α(ω) 2 , which is almost identical to
the disorder parameter used in mesoscopic optics. Given the close link between the diffusion coefficient and the susceptibility, there is a strong similitude between the correction of Eq. (16) and the weak localization correction to the diffusion coefficient Eq. (8). This similitude is not surprising. The mean field approach of traditional optics neglects correlation between scatterers. When they exist, these correlations are due to the nonnegligible probability that a photon goes back to a previous scatterer, a process sometimes called recurrent scattering. In the mesoscopy community, neglecting this recurrent scattering and the subsequent correlations is called the 'independent scattering approximation' (ISA) [23] [24] [25] . Weak localization effects are typical signatures of 'dependent scattering'. The link between the ISA and the Lorentz-Lorenz local field theory has been already briefly discussed in Ref. [51] but is often not discussed in more recent work.
V. WHAT SHOULD BE CALLED COOPERATIVE?
Based on the previous discussion, we consider that the term 'cooperative scattering' should not be kept for effects related to recurrent scattering only, because it is already called 'dependent scattering' in the mesoscopy community, and several such effects have well-established names, like weak or strong localization. Moreover, effects related to Dicke superradiance and subradiance can appear at low density, as shown in Fig. 3 and in [3] [4] [5] , without recurrent scattering, and have been called 'cooperative' for a very long time (see, e.g., Refs. [21, 22, 26, 89, 90, 102, 104, 105] ). Changing the semantics without a clear distinction of previously studied effects in different communities is therefore probably not recommendable.
However, we agree that it is questionable to call collective effects 'cooperative' if these effects can also be explained by conceptually more simple models, like wave propagation in a medium characterized by its susceptibility or standard multiple scattering.
In addition to the examples already mentioned [69, 71] , the coherent forward emission [2, 11, 20, 22] is certainly such an effect. Even if using a single-photon Gedankenexperiment requires a quantum formalism to properly demonstrate that the absorbed photon will be preferentially emitted in the forward direction [11] , this effect is a simple consequence of an N -wave interference, like in a multiple slit experiment, and it is well-known that slit experiments produce interference patterns even with single particles [106] . The interference pattern from two atoms radiating a single photon has also been observed in [86, 107] . The analogy between N -slit interference and the directionality character of superradiance has been further developed, including higher-order correlations, in Ref. [108] . In the CW regime, considering the phase-matching in the forward direction is also a way to understand the index of refraction of a polarizable medium. Thus, the resulting forward lobe is actually the diffraction/refraction pattern of the sample, like a Mie scatterer [75] .
The 'cooperative' Lamb shift is another questionable example. In the case of macroscopic samples, for which a susceptibility can be defined, Javanainen and Ruostekoski have shown [18] , at least for the slab geometry that applies to the experiment of Ref. [7] , that the 'cooperative' Lamb shift was the result of 'standard optics', i.e., wave propagation in a dielectric medium following the Helmholtz equation. It would be interesting to know, using wave propagation simulations, if this also holds for the cigar-shaped sample used in Ref. [4] or any other geometry [109] . For example, one of the geometries studied by Manassah [109] consists of a density-modulated slab of atoms and a 'giant cooperative Lamb shift' was predicted when the density is modulated at the Bragg condition [110] . Such an experiment has already been performed [39] , and very asymmetric and shifted Braggreflection spectra have been indeed reported (see, e.g., Fig. 2 of [39] ). These feature can be explained by the coupled-dipole model [111] , but they can also be very well described by a standard-optics wave-propagation equation based on a periodic susceptibility (in that case using transfer-matrices to exploit the periodicity). Thus, it seems that in many (or most?) situations, the 'cooperative Lamb shift' is in fact a collective shift related to the shape and finite size of the medium, inducing refraction, reflection, lensing and waveguide effects [112] , etc., which can be simulated by wave-propagation simulations.
The problem is that such wave-propagation simulations are not simple to perform. In the recent years, the coupled-dipole model has been widely used [3, 5, 9, 36, 69, 70, 91, [93] [94] [95] [113] [114] [115] . It is computationally limited to a few thousand atoms, but it is otherwise very simple to use. Another strength is its completeness: it includes all collective effects we have discussed so far. But this is also a drawback: it is sometimes hard to give simple interpretation of the numerical results and, when com-paring to experimental results, a good agreement does not help identifying the relevant physical ingredients of the experiment. As a consequence, it would be wise, although tedious, to systematically compare the results with simulations based on a standard-optics calculation (wave propagation in a dielectric) or with a standard multiple-scattering computation (random walk), to check if the observations do not have simple explanations. This methodology has been used in [5, 41] .
It seems to us that less ambiguous signatures of cooperativity can be found in the transient response of the system, as initially envisioned by Dicke for the superradiant emission of a fully inverted system [14, 15, 20] and its subradiant counterpart [29] . In the single-photon or linear-optics regime, superradiant decay rates have been observed recently in the forward direction [4] and also off-axis [3] .
In the forward-direction case, the measured light is the diffracted/refracted light by the cloud. Its dynamics is thus related to the dynamics of the refractive index. The imaginary part of the refractive index is also what governs the transmission, and its dynamics at the switchon or -off of the incident laser is what gives rise to optical precursors [116, 117] or 'flashs' [118] [119] [120] . It has been shown experimentally and theoretically, using only Beer-Lambert law including the dephasing, that dynamics faster than Γ can appear at large on-resonance optical thickness [120] . This is somehow the counterpart of the spectral broadening induced by Beer's law at high b 0 .
Since this broadening is also present for the light scattered off-axis (see Fig. 1a ), one can wonder if similar arguments also explains off-axis superradiance. Off axis, though, the field arriving on the detector emitted by different atoms have random phases (no phase-matching). There is thus no straightforward calculation similar to the one of [120] , at least to our knowledge, that could relate the spectral broadening of the system response to the temporal dynamics observed on the fluorescence. This is, we think, the nontrivial feature of cooperativity and superradiance in the linear regime that this accelerated decay is still preserved despite the absence of any obvious phase-matching condition. Thus, the most efficient way to understand this result is to invoke the collective (cooperative) modes of the atomic excitation in the cloud, some of them decaying fast (superradiant modes), and some decaying slowly (subradiant modes). In other words, we trace over the photon degrees of freedom and look at the collective (cooperative) atomic behavior. The reverse approach, looking at the light, scattered by all atoms and interfering, is certainly possible and might provide an alternative view on the light-matter interaction for many atoms and at low intensities.
Subradiant decay, as the counterpart of superradiance, is also a good signature of cooperativity. However, a particular care is necessary to distinguish between different effects that could lead to a slow decay of the scattered light. In a dense sample with sharp boundaries, for example, long-lived cavity-like modes (or 'polaritonic modes' [121] ) may exist, and may also give rise to high-Q Mie-like resonances [75] . If the optical thickness b(∆) is large (near resonance), multiple scattering may trap the light in the sample for a long time (radiation trapping, see Sec. III A and ref. [32] ), and even strong localization might need to be considered [122] . In that case, the qualitative difference between those various effects can be seen in their different scalings with the experimental parameters. The radiation trapping time scales as b(∆) 2 whereas the subradiant time scales as b 0 [5] , independently of the detuning. Here again, Mie resonances or radiation trapping are well understood by looking at the light, whereas subradiance is well understood by looking at the collective modes of the atomic excitation. If we want to explain subradiance with a physical picture using light, we can say that coherence and interference effect modifies multiple scattering such that some 'lucky photons' are trapped in the sample, even at large detuning. If we neglect coherence and interference effects (diffusion or random walk model), we find, on the contrary, that multiple scattering vanishes far from resonance. The interplay between this incoherent radiation trapping and subradiance for intermediate detuning, and the way to distinguish between them, is the subject of our current investigation.
VI. CONCLUSION
In this article, we have tried to discuss the meaning of 'cooperative scattering' from a broad perspective, by studying various collective effects in atom-light interaction. We conclude that what should be called cooperative is often mainly a question of perspective. When we describe collective effects by looking at the atoms, with a microscopic modeling (based on Dicke states, coupled dipoles, etc.), most features appear to be of cooperative nature. Nevertheless, one can also understand many of these effects using the point of view of light, undergoing multiple scattering or propagating through a macroscopic sample, without using the concept of cooperativity at all.
The temporal decay of the light emitted off-axis seems to be the best example so far of a situation where a cooperative-scattering approach is the most efficient, numerically as well as conceptually, to describe the physics. We have shown that, at large detuning, the full decay curve only depends on the on-resonance optical thickness of the sample (and of its precise shape), but an analytical description of this result is still missing.
Finally, we emphasize that most, if not all, of the effects that we discussed in this article, are already known, but not always in the same fields. Superradiance and subradiance are hardly known in the mesoscopy community, and the same can be said for effects related to multiple scattering with the quantum-optics community. Establishing a bridge between those communities and their concepts seems very important to us. In particular, we have pointed out the similarity between the recurrent-scattering corrections to the susceptibility recently discussed in the quantum-optics community [18, 41] and the weak-localization corrections, which are well-known in the mesoscopy community. We have also presented new results on the deviation from Ohm's law predicted by the coupled-dipole model. The physical origin of this deviation remains to be understood, but this is an attempt to relate cooperativity to transport properties [123] . This connection may be fruitful for the question of Anderson localization of light in 3D [66, 122] or in relation with other topics, like superconductivity [124] or lightharvesting systems [125, 126] .
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